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Abstract — This paper focuses on a mixed pixel or
mixel. In the mixture density estimation problem, we in-
clude implicit distributions produced by mixels, in addi-
tion to the explicit distributions produced by pure pix-
els. NOAA-AVHRR ch.5 images are classified into sev-
eral categories including mixel categories based on a
Bayesian decision rule, and three optimization schemes
are compared.

1 INTRODUCTION

If a single category entirely covers a pixel, this pixel is
called a pure pixel; otherwise, it is called a mixed pixel
or mixel. Since the ground resolution of NOAA-AVHRR
data, which we will use in experiments, is approximately
1.1 km, it is natural to assume that one pixel is consti-
tuted by multiple ground-cover categories. In this case,
pixel value is a function of the radiation from the mixture
of component categories. Under the existence of mixels,
as a result, a radiance distribution deviates from a distri-
bution consisting of pure pixel distributions only. Mixels
are thereby misclassified into one of the pure pixel cate-
gories, causing unsatisfactory results. To deal with this
problem, many papers have been presented in remote
sensing [1, 2], or medical imaging [3], for example.

Here we assume that the radiance distribution of an
image is a parametric family, finite mixture densities
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where each a; is nonnegative and Ef; a; = 1, and
where each p; is itself a density function parameterized
by ¢; € Q; C R™, and K is the number of categories. We
denote ® = (o, -, ax,d1, -, ¢K) and set
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anda; > 0,¢; € Q; fori=1,--- K}. (2)
Estimating ® using a sample is referred to as the mixture
density estimation problem [4].

In previous works, since only pure pixel distributions
were considered in their model, mixels may be assigned
to a proper category only through increasing the number
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of categories in a tentative way. We argue that mixture
densities inherently contain implicit mixel distributions
as well as explicit pure pixel ones. Since, in our model,
mixel distributions are clearly separated from pure pixel
ones, we can properly deal with the effects caused by
mixels.

2 MIXEL MODEL

In this paper, only one channel is used, i.e. z € R', and
p is assumed to have a normal density N(¢;):
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where p represents within-category variability caused by
random changes in conditions. The use of more gen-
eral distributions such as pearson system distributions
[5] may be more accurate. However, a normal distribu-
tion is commonly used because of its simplicity and its
useful mathematical properties such as stability, which
we will refer to later.

p(z|¢i) =

Suppose that a pixel contains a fraction p of category
C; and the remainder (1 — p), is another category C;. We
call it a two-category mixel m;;. Let p; denote the probabil-
ity density function (pdf) of category C;. Let X; denote
a random variable whose pdf is p;, which is assumed to
be a normal distribution N (p;, 0;2) as stated earlier. Our
mixel model further assumes that the computed radia-
tion value 7;; of m;; is a linear combination of two events:

rij(p) = pzi + (1 — p)z;, (4)

where p (0 < p < 1) is the mixture proportion of category
C; in the mixel m;;, and z; is a possible value of X;. Since
z; and z; are both possible values of random variables X;
and X}, r;; is also a possible value of a random variable,
which we denote M;; and its pdf p;;.

Usually the “shape” of p;; is not known. However, if
the pdfs of random variables X; and X; both belong to
the same type of a stable distribution, then the pdf of a
random variable ¢; X; + ¢; X; (¢;,¢; > 0) will also belong
to the same type of distribution. In particular, if the pdfs
of X; and X are both normal distributions, the random
variable M;; also has a normal distribution as its pdf. p;;
is therefore a normal distribution N (p;5, 04;%) with

iz (p) pri + (1= p)pj,
0ii’(p) = ploi + (1—p)o;’.
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Figure 1: Scale-space representation of zero-crossings in
the second derivative.

Thus the use of a stable distribution, in particular a nor-
mal distribution, greatly simplifies the problem.

Furthermore, we regard p as a uniform random vari-
able in the interval [0,1]. Then p;; with random p be-
comes:

pz]

/ N(uij(p), 0ii*(p))dp

Note that Equation (7) does not have its own shape pa-
rameters; the shape of p;; is determined only by ;.

] dp. (7)

We argue that mixture densities of K classification cat-
egories inherently contain xC> = K(K — 1)/2 implicit
mixel distributions introduced above as well as K ex-
plicit pure distributions. Similarly, a three-category mixel
distribution may be defined; however, to keep our model
simple, we omitted mixel distributions whose compo-
nents have more than three categories. In summary, fi-
nite mixture densities are modified from Equation (1) as
follows:

kC2
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where superscripts M and P denote mixel and pure pixel
distributions respectively, and k, ! specifies pure pixel
distributions associated with a mixel distribution j.

3 ESTIMATION OF PARAMETERS
USING SCALE-SPACE

The mixture density estimation problem requires a
good initial estimate of parameters to attain a good lo-
cal maximum. Many methods have been proposed, for
example method of moments, but the method used in
this paper is a scale-space based approach proposed by
Carlotto[6]. The basic idea of scale-space is “coarse-
to-fine” strategy, in which salient peaks or valleys are
first identified in coarse scales and then localized in fine
scales.

:L'lq) $|¢k 7¢l )7 (8)

A useful property of scale-space representation with
regard to a normal distribution is a “funnel-like” shape as

Figure 1 illustrates. Since trajectories of zero-crossing (zc)
in the second derivative (fz, = 0) shows such shape, dis-
tance between paired trajectories decreases as scale goes
down to fine scales. In the end, the distance d reaches 2o,
where o is the standard deviation of a normal distribu-
tion. In the case of mixture densities, however, this rela-
tionship is no more than an estimate because d may devi-
ates from 20 due to interactions with other densities. In
the following a brief estimation procedure is presented:

1. Identify salient zcs and pair adjacent zcs.
2. Localize the position of paired zcs z1 and z».

3. Measure distance d between paired zcs and calculate

standard deviation by o = d/2.
4. Calculate mean value p by p = (21 + 22)/2.

5. Calculate mixture proportion a by Area(y —
p+ o) =Area(z; <z < z3) = 0.683a.

c<lz<

4 PARAMETER OPTIMIZATION

In this section, we introduce two approaches, maxi-
mum likelihood (ML) and distance minimization (DM),
used to determine parameters. Assume that a particu-
lar ®* = (of,---,a),®],---®}) € Qis the “true” pa-
rameter value to be estimated. Suppose that {x }r=1,... n
is an independent sample of N unlabeled observations
on the mixture, i.e., a set of N observations on indepen-
dent, identically distributed random variables with den-
sity p(z|®*). Then the log-likelihood function is:

N
®) = ) logp(zk|®),

i=1
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where N is the size of an image in this paper. By a max-
imum likelihood estimate of ®*, we mean any choice of
® in Q at which the log-likelihood function L(®) attains
its largest local maximum in §2. However, as is often the
case, N is too large to carry out naive computation of
Equation (9) in reasonable time. In the following we will
show two ideas for reducing the redundancy in Equa-
tion (9).

The first scheme (ML1) simply reduces the number of
observations, N, by sampling pixels from an image with
sampling rate r. Then the number of observation is re-
duced to Ny = Nr. The second scheme (ML2) makes use
of the histogram of an image. Let histogram h(z;) has Ny,

level {z1,- -, zn. }. In this case, the log-likelihood func-
tion is modified as follows:
Np
=Y h(z:) logp(2i]®). (10)
i=1

In spite of inherent quantization error, an advantage of
this scheme may be the significant reduction of computa-
tion time. Estimated parameters are then iteratively opti-
mized using EM algorithm [4].
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Figure 2: Mixture density estimation without (a) / with
(b) mixel distributions. Dotted lines indicate estimated
density functions, while a solid line describes the his-
togram. The white and black regions in image (a) corre-
spond to the high cloud and sea categories, respectively.

Another scheme (DM) is based on a least-square fitting,
considering the histogram to be a sampled version of a
smooth pdf. Squared error E between p(z|®) and his-
togram is

B(®) =Y plel®) b,y

where the definition of the histogram is identical to the
previous one. Since minimization of E is a non-linear
optimization problem, we used simulated annealing.

5 RESULTS

Based on Bayesian decision criterion, the pixel ¢ will be
classified into category Cj, if

Jj=arg {115%2(1( Oékp($i|¢k)} ) (12)

where K is the number of categories including mixels.

First we compare classification results to evaluate how
effective mixel distributions were. The image used is an
image of size 256 x256 cropped from NOAA-AVHRR ch.5
data. Based on our observation that the image contains
a sea category and several cloud categories, we set the
number of categories beforehand to K = 3.

Table 1: The number of pixels classified into each cate-
gory.

| Category || ML1 | ML2 | DM ||

Pure 1 8579 | 8972 | 8070
Pure 2 13590 | 9626 7306
Pure 3 14793 | 13303 | 10398
Mixel 1 +2 || 11756 | 11852 | 12628
Mixel 1+ 3 0 0 0
Mixel 2 + 3 || 16818 | 21783 | 27134

Figure 2 shows a comparison between with/without
mixel distributions. It shows that the boundary of cloud
regions were classified as mixels (black regions in the im-
age (b)). This result is reasonable because mixels tend
to occur on region boundary. To validate the use of
mixel distribution, we calculated the value of the infor-
mation criterion, AIC (Akaike’s Information Criterion).
The value was 4999 without mixel distributions, while
5076 with mixel distributions (ML1). The smaller the AIC
value, the better the model is. This result hence supports
the superiority of the model with mixel distributions.

Finally Table 1 shows the number of pixels classified
into each category. Three schemes produced similar re-
sults except for a slight difference of DM in classification
of mixels. Moreover, ML2 was the fastest of all.

6 CONCLUSION

In practical use, the number of categories should be
produced automatically. Use of information criterion
such as AIC may be a hint to this problem. Further, use
of multi-spectral data will achieve more accurate classifi-
cation.
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